Recently, Grange et al. [Phys. Rev. Lett. 114, 193601 (2015)] showed the possibility of single photon generation with high indistinguishability from a quantum emitter, despite strong pure dephasing, by 'funneling' emission into a photonic cavity. Here, we show that cascaded two-cavity system can further improve the photon characteristics and greatly reduce the Q-factor requirement to levels achievable with present-day technology. Our approach leverages recent advances in nanocavities with ultrasmall mode volume and does not require ultrafast excitation of the emitter. These results were obtained by numerical and closed-form analytical models with strong emitter dephasing, representing room-temperature quantum emitters. [7, 8] , and all-optical quantum repeaters [9, 10] . Single photon sources based on atom-like quantum emitters have seen remarkable progress [1, 11] , including in particular color centers in diamond, many of which have been shown to possess long spin coherence times. However, a remaining challenge is to improve their emission properties to achieve near-unity indistinguishability and high collection efficiency.
Sources of indistinguishable single photons play an essential role in quantum information science [1] , including linear-optics quantum computing [2] [3] [4] , precision measurements [5] , quantum simulation [6] , boson sampling [7, 8] , and all-optical quantum repeaters [9, 10] . Single photon sources based on atom-like quantum emitters have seen remarkable progress [1, 11] , including in particular color centers in diamond, many of which have been shown to possess long spin coherence times. However, a remaining challenge is to improve their emission properties to achieve near-unity indistinguishability and high collection efficiency.
Here we show that the emitter decay can be tailored by coupling to a cascaded two-cavity system, which provides enough control to minimize pure dephasing and spectral diffusion. Our analysis shows that the cascaded-cavity scheme improves on the photon emission efficiency (η) and indistinguishability (I) compared to previously considered single-cavity approaches. For the especially difficult problem of room-temperature operation with silicon vacancy centers in diamond, the cascaded-cavity system enables same efficiency, but much higher indistinguishability (∼ 0.95) than the single cavity case (∼ 0.80), with ×20 lower cavity quality factor (Q-factor). When the cavities are tuned for maximum ηI product, more than two orders of magnitude improvement compared to the bare emitter, and a ∼ 17% improvement over the best single-cavity system are possible.
As shown in Fig. 1 .(a), the linewidth of an emitter is given by Γ = γ + γ * + ∆δ γ at room temperature, where γ is the radiative decay rate, γ * the pure dephasing rate, and ∆δ the FWHM width of the spectral diffusion. Pure dephasing can be modeled as Markovian phase flip process that occurs much faster than the excited-state lifetime. Whereas ∆δ captures the spectral diffusion between photoemission events (for example due to changing stray electric fields near the emitter) that changes much slower than the excited-state lifetime; thus, spectral diffusion can be treated by a statistical average over the ensemble. The indistinguishability, which is approx-
FIG. 1. (a)
The emission spectrum with width Γ can be considered as a convolution of different broadenings: natural broadening (Lorentzian linewidth γ), pure dephasing (Lorentzian linewidth γ * ), and spectral diffusion (Gaussian linewidth ∆δ). (b) Cavity QED system, where g is the coupling rate, κ is the cavity decay rate, and γ is the spontaneous emission rate of the emitter to non-cavity modes. (c) Cascaded cavity system as a room temperature single photon source. An emitter is coupled to the first cavity (C1) with coupling strength g1. C1 is coupled to the second cavity (C2) with coupling strength g2. κ1 and κ2 are the cavity radiation losses to free space. (d) Photonic crystal realization of the proposed cascaded-cavity-emitter system. The first cavity produces a high emitter-cavity coupling (g1) due to field concentration in a concentric dielectric tip, see [12, 13] . A mode overlap (m.o.) of cavities corresponds to a cavity-cavity coupling rate of g2.
imately given by I ∼ γ/Γ [14] , is vanishingly small at room temperature (∼ 10 −4 for silicon vacancy centers in nanodiamond [15] ).
Nanophotonic structures have been investigated to improve I by modifying the local density of electromagnetic states (LDOS). This approach can be analyzed in its simplest form in the cavity quantum electrodynamics (cavity-QED) picture of Fig. 1(b) , where g ∝ 1/ √ V eff the emitter-cavity coupling rate, V eff the cavity mode volume, κ ∝ 1/Q the cavity decay rate, and Q the qual-ity factor. For simplicity, we first ignore spectral diffusion, i.e., Γ = γ + γ * . In the incoherent regime, where the Γ + κ 2g, the system dynamics reduces to a set of rate equations, in which the emitter and the cavity field pump each other at rate R = 4g
There are two main approaches to increase I. One strategy is to maximize the LDOS with plasmonic cavity, so that R = 4g
2 /(Γ + κ) > γ * [17, 18] . Peyskens et al. showed that for a 20 nm silver nanosphere (Q ∼ 15) coupled to a waveguide, the indistinguishability of single photons emitted from SiV can be increased to I ∼ 0.27 while reaching a single photon out-coupling efficiency of η ∼ 0.053. On the other hand, Wein et al. could theoretically achieve I ∼ 0.37 and η ∼ 0.77 with the plasmonic Febry-Perot hybrid cavity (Q ∼ 986) recently proposed in [19] . However, this approach also faces several important obstacles: (1) the assumption of instantaneous pumping on the femtoseconds scale, which is demanding due to ionization (resonant) and slow phonon relaxation (non-resonant) [20] ; (2) and Ohmic and quenching losses in the metal.
A second approach investigated by Grange et al. [21] relies on coupling the emitter to a dielectric cavity with ultrahigh Q, which avoids the problems of high losses in metals. When the cavity decay rate κ is much smaller than γ and R, near-unity indistinguishability becomes possible. Notably, this system outperforms the spectral filtering of a emitted photon, due to a 'funneling' of emission into the narrow-band cavity spectrum. However, reaching an indistinguishability of 0.9 (0.5) for an emitter with γ ∼ 2π × 100 MHz radiative linewidth at ω ∼ 2π × 400 THz requires a cavity with very high Q ∼ 4 × 10 7(6) ; this Q far exceeds the highest quality factor nanocavity coupled to a quantum emitter, which has Q ∼ 55, 000 [22] . The underlying problem is that high indistinguishability is not possible with the limited Q and V eff that are currently available.
The cascaded two-cavity system considered in this paper, illustrated in Fig. 1(c) , greatly reduces the Q factor requirements while obtaining higher overall single photon source performance. The emitter is assumed to be dipole-coupled with the first cavity (C 1 ). This cavity can have a relatively low Q factor < 10 5 , as long as it has a small V eff to efficiently collect the emitter fluorescence. However, the indistinguishability I of the emission from cavity C 1 would be low. A high I can then be achieved by coupling to a second cavity (C 2 ), which provides additional degrees of freedom to optimize the single photon emission from the two-cavity-emitter system.
To investigate the dynamics quantitatively, we assume a strong pure dephasing, γ * = 10 4 , normalized to γ = 1. In the regime where the total dephasing (Γ) exceeds the emitter-C 1 coupling rate g 1 , the population transfer rate between the emitter and C 1 becomes [16],
where δ is the detuning, assumed to be 0 for now. A large transfer rate R 1 > γ (implying g 1 1) is required for efficient emission into the cavity. To this end, we make use of a new cavity design using a dielectric concentrator in a photonic crystal (PhC) nanocavity ( Fig.  1(d) ) [12, 13] . This nanocavity enables arbitrarily small mode volume [13] ; indeed, recently V eff = 10
was experimentally demonstrated in a silicon PhC [23] with a quality factor of ∼ 10 5 . Here, we consider g 1 = 500 and κ 1 = 50, corresponding to V eff = 0.007(λ/n diamond ) 3 and Q ∼ 50k for the case of silicon vacancy centers in the diamond [24] . In addition, the emitter is assumed to be located at the narrow bridge section of this cavity design, where the phonon environment is similar with the nanodiamond [15] .
The second cavity (C 2 ) is coupled to C 1 at rate g 2 . This coupling can be adjusted through the spacing between the two PhC cavities, as shown in Fig. 1(d) . We derived the population transfer rate between cavity C 1 and C 2 from the optical Bloch equations, by applying adiabatic elimination of the coherence between the cavities in the limit of R 1 + κ 1 + κ 2 2g 2 (see derivation in the Supplemental [16] ). The population transfer rate between C 1 and C 2 then becomes
where κ 2 is the decay rate of C 2 . Note that if R 1 → 0, R 2 reduces to the Purcell-enhanced emission rate. The R 1 term in the denominator effectively acts as additional decoherence. The reduction of the population transfer rate due to this additional decoherence was studied previously in the classical and continuous-wave (CW) limits, including for non-resonant excitation of a quantum dot [25] and for light transmission in an optomechanical system [26] . However, this decoherence directly impacts the indistin-guishability. Thus, we investigate the temporal dynamics of the system using a master equation. We applied the master equation approach to calculate I and η as a function of g 2 and κ 2 for our cascaded-cavityemitter system. The results in Fig. 2 show two regimes of interest. In 'Reg. 1' of R 2 , κ 2 < κ 1 , we find high I and small η. 'Reg. 2' of R 2 , κ 2 > κ 1 leads to moderate I and large η. Analogous regimes were analyzed for single cavity-QED system [21] . The photon collection efficiency into C 2 follows from the Bloch equations [16] for both regimes, giving:
We first focus on Reg. 1. When R 1 κ 1 , γ, the emitter and C 1 serves as a 'composite emitter' with decoherence rate R 1 . This effective emitter decaying with rate ∼ κ 1 /2 is coupled to C 2 with ∼ κ 2 < κ 1 at a rate R 2 /2 < κ 1 (coupling is asymmetric, and see supplemental [16] for more details). We were able to derive an analytical form for the indistinguishability with the nonequilibrium Green's function for the emitter-cavity system:
where
The same result can be derived from the quantum regression theorem [18] . Note that this equation has the similar form with the one-cavity case [21] under the substitution (κ 1 /2, κ 2 , R 2 /2) → (γ, κ, R) -i.e., we can consider the C 1 -emitter system as a 'composite emitter' inside cavity C 2 . Figure 3 (a) plots η and I as a function of κ 2 . Equations (3) and (4) show excellent agreement with the numerical simulations with the master equation. Notice that when R 2 + κ 2 ∼ R 1 , I exceeds the prediction from Eq. (4). Deviation of result from the prediction is more evident when R 1 is smaller (Fig. 3(b) ). This deviation occurs because the contribution of the coherence between cavities (ρ ab (t)) to the two-time correlation function of the cavity field, b
, is not negligible [16] . Next, we investigate Reg. 2 (R 2 , κ 2 > κ 1 ), for which large η and moderate I are possible. In the C 1 -emitter system with R 1 > κ 1 , the excitation incoherently hops back and forth between the emitter and the cavity. Therefore, C 1 decoheres quickly at rate R 1 , resulting in a low I. On the other hand, κ 1 > R 1 also results in low I because the timing jitter of initial incoherent feeding exceeds the cavity lifetime. The solution is to choose R 1 > κ 1 and keep the population of C 1 low, preventing the photon to be re-absorbed by the emitter. C 2 provides this additional functionality with two knobs: R 2 and κ 2 . When R 2 , κ 2 > κ 1 , excitation quickly pass through the C 1 , resulting in low population of C 1 (P c1 ). At the same time, the decoherence of C 1 at rate R 1 · P c1 can be suppressed by a factor of (R 1 + κ 1 )/(R 1 + κ 1 + R 2 ||κ 2 ). 
FIG. 4.
Large ηI-product regime with (g1, κ1, g2) = (500, 50, 150). (a) I (blue) and η (orange) as a function of κ2. Black dashed line is the analytical result from Eq. (3). For a single cavity system, I is plotted with yellow dashed (g = 500, κ = 50) and green dashed (g = 500, κ = 125) lines. The latter gives the maximum ηI of single cavity systems. (b) ηI-product as a function of κ2 (blue). Cascaded cavity architecture shows higher ηI than that of single cavity system with κ = 50 (yellow dashed) and κ = 125 (green dashed, maximum ηI). Figure 4 (a) plots I and η of the photon emitted by C 2 as a function of κ 2 , assuming (g 1 , κ 1 , g 2 ) =(500, 50, 150). In the limit of large κ 2 and subsequently small R 2 , the dynamics of the emitter and C 1 are the same without C 2 ; C 2 merely samples the photons from C 1 . Thus, photons of C 2 have the same I as that of C 1 without C 2 (singlecavity system). Simulation of single-cavity system shows that photons emitted by C 1 has I ∼ 0.14 (shown as a yellow dashed line). Decreasing κ 2 (increasing R 2 ) suppresses the population of C 1 , resulting in larger I. Since C 2 suffers the same incoherent hopping/jitter effect as C 1 discussed above, I is maximized to I = 0.27 at κ 2 = 300. Notably, I for a κ 2 = 300 exceeds the maximum achievable I for a single-cavity system with g = g 1 (green dashed line), corresponding to the same V eff . Though the improvement of ηI is less significant because of a reduced efficiency (Fig. 4(b) ), ηI is still higher than the single-cavity system allows. Table 1 compares the η and I values achievable for the single-and cascaded-cavity architectures, assuming a silicon vacancy center in diamond at room temperature with (γ, γ * , ω) ∼ (160 MHz, 400 GHz, 400 THz) [15] , as a quantum emitter. To achieve I of ∼ 0.95 in Reg. 1, the single-cavity approach requires a very high Q factor of 50M, which is technologically challenging, especially considering integration with the emitter. The cascaded-cavity system requires only Q 1 = 7k for the first cavity and Q 2 = 500k for the second cavity to achieve the same I. Reaching I ∼ 0.8 requires only Q 1 = 3.6k and Q 2 = 500k for the cascaded-cavity system, whereas Q = 10M is needed for the single-cavity system. Note that in both cases, the cascaded cavity system also achieves much higher η values than the single-cavity case. In Reg. 2, the highest ηI is found under the constraint of Q max = 500k, and the cascaded-cavity system achieves ∼ 17 (18)% improvement of ηI (I) over the single-cavity system.
Finally, we statistically incorporate inhomogeneous broadening (spectral diffusion). Figures 5(a) and 5(b) plot I and η for Reg. 1 and Reg. 2 for different ∆δ with fixed γ * = 10 4 . We used a Gaussian probability distribution to model δ. The key observation here is that ∆δ does not strongly diminish η and I when ∆δ γ * (note that the vertical axis is highly magnified to show detail). This insensitivity to spectral diffusion follows from Eq.
(1), which shows that the transfer rate (R 1 ) is only reduced by ∼ 2(δ/γ * ) 2 , and subsequently from Eq. (2), that the R 2 changed by small amount. Suppression of the effect of small spectral diffusion only happens when the emitter is highly dissipative, i.e., if γ + γ * > κ, and is a unique feature of the 'cavity funneling' process. In other words, pure dephasing serves as a resource to stabilize the single photon source, maintaining potentially high I and η despite spectral diffusion. This result is in contrast to the bare-emitter case, where the spectral diffusion directly affects I [14] .
We emphasize the difference of our approach with 'photonic molecule' studied in [27, 28] . In our cascaded-cavity system, the emitter only couples with mode of C 1 , and the population is transferred between two cavity modes by weak coupling. In contrast, for the emitter coupled with photonic molecule, the emitter is coupled to two super-modes that results from strong coupling between two cavities, i.e., a splitting greater than the individual cavities' decay rates. Cascaded-cavity system is also different with the hybrid-cavity system [19] , where the cavity mode is modified by another cavity. More specifically, in hybrid cavity, the latter cavity field acts as a electromagnetic environment (radiation bath) of the former cavity rather than as a independent cavity mode.
In conclusion, we analyzed funneling through a cascaded-cavity scheme. We showed the two-cavity scheme dramatically reduces the requirements on the cavity Q-factor to the point that today's devices appear feasible. We analyzed the two-cavity-emitter system through numerical simulations, which we were able to match with the closed-form analytical solutions. By incorporating pure dephasing and spectral diffusion, this analysis also provides new insights into modified spontaneous emission in the cavity QED framework. Our approach greatly improves the quality of single photons emitted from quantum emitters even at room temperature. We expect a similar scheme can significantly improve the indistinguishability of single photons at low temperature, which is important to increase the fidelity of heralded photon-mediated two-qubit gates. 
THE MASTER EQUATION AND OPTICAL BLOCH EQUATION OF THE SYSTEM
Here, we write the master equation and the optical Bloch equation of the system where the quantum emitter is coupled to the cascaded cavity. The Hamiltonian of the system after the rotating wave approximation [S1] is,
whereê is the fermionic annihilation operator for the quantum emitter, andâ,b are the bosonic annihilation operators for the first and second cavity, ω e,a,b are the resonance frequency of the emitter and two cavities respectively, and g 1,2 are the emitter-cavity and cavitycavity coupling strengths. We assume the optical pumping faster than the emitter decay, which is not possible for the plasmonic approach (see the main text for the details). Thus, initial state is assumed to be |e, 0, 0 where the first index represent the emitter state (excited state), and the successive do the photon number in the cavities. System dynamics is limited in the state space |e, 0, 0 , |g, 1, 0 , |g, 0, 1 , |g, 0, 0 . We write the Hamiltonian in the subspace, |e, 0, 0 , |g, 1, 0 , |g, 0, 1 ,
where the rotating frame is used with frequency ω e = ω a = ω b . States in the Hilbert space decay into |g, 0, 0 by Lindblad superoperators, and this Lindbladian can be expressed in the same basis by,
where L e,a,b represent the decay of the emitter, first cavity (C 1 ) and the second cavity (C 2 ), respectively. In addition, we consider the Lindbladian for pure-dephasing processes.
The system evolves with the equation of motion,
We rewrite Eq. S7 in terms of the elements of the density matrix,
which is the extended form of the optical Bloch equation.
ADIABATIC ELIMINATION AND THE RATE EQUATION
We consider highly dissipative quantum emitter at room temperature where γ * is larger than any other dissipation. Thus, for t > 1/γ * , the coherence between the emitter and the photon in C 2 can be adiabatically eliminated ( ∂ρ eb ∂t = 0), and from the Eq. S12,
Putting this into Eq. S11 and Eq. S13 (equations for the other two coherence terms) gives,
Introducing the population transfer rate, R 1 = 4g where 2g1g2ρea γ+γ * +κ2 term is neglected because g 2 ρ ea g 1 ρ ab for t > 1/R 1 , resulting in self-consistent solution, as we will see below. Because we are interested in the photon in C 2 , which can be built up for t > 1/R 1 , ∂ρ ab ∂t is adiabatically eliminated,
Coming back to the Eq. S15,
where the equation is approximated by ignoring Θ(1/γ * ) terms. Again by the adiabatic elimination for t > 1/γ * ,
In essence, all the coherence terms are adiabatically eliminated, and coherences follow the population. Thus, the system dynamics can be described by rate equations.
where P e , P a , P b are the population of the emitter, C 1 and C 2 . Introducing the population transfer rate between two cavities, R 2 = 4g 2 2 κ1+κ2+R1 and converting into the matrix form,   Ṗ
COMPARISON OF SIMULATION RESULT OF MASTER EQUATION AND RATE EQUATION
Here, we compare the population dynamics of the rate equation, Eq. S25, derived in the previous section using successive adiabatic elimination, with that of the master equation, Eq. S7. We specifically used the parameters of Reg. 1 and Reg. 2 of the system in the main text. Figure S1 confirms the validity of our description with a set of rate equations (see the caption for the detailed parameters). 
DERIVATION OF THE EFFICIENCY
Here, we derive the photon collection efficiency of the system through the C 2 . Characteristic equation of the matrix R is,
Three solutions of Eq. S26 are s = −s 1 , −s 2 , −s 3 . Then, P b = Ae −s1t + Be −s2t + Ce −s3t . A, B and C can be expressed in terms of s 1 , s 2 , s 3 using initial conditions,
The denominator is the coefficient of the constant term of the Eq. S26 with the sign reversed. Therefore,
Note that this method can be extended to arbitrarily large systems with the dynamics described by rate equations.
EFFECTIVE EMITTER METHOD
As we will show in the next section, deriving indistinguishability requires the decay rate of the photon in C 2 .
However, direct solution of Eq. S26 has a complex form with cube root resulting in vague physical interpretation. Here, we formally describe the system by constructing effective (composite) emitter out of the emitter and the photonic mode of C 1 , and derive the decay constant of the C 2 -like eigenmode.
The system matrix of the rate equation, Eq. S25, is transformed by the matrix T, 
where γ ( R 1 ) is neglected. When 2R 1 κ 1 + R 2 , Eq. S30 can be reduced to,   Ṗ
Here, we made an approximation that P d does not affect the long-timescale behavior of P b , i.e. the decay rate of it. This approximation is based on the large difference between diagonal terms : 2R 1 + (κ 1 + R 2 )/2 κ 2 + R 2 . The fractional error of this approximation on the decay constant is ∼ O(R 2 2 /(2R 1 + κ 1 /2 − κ 2 − R 2 /2)(κ 2 + R 2 )), which on the order of ∼ 10 −2 in our example (Regime 1). In other words, we can set P d (t) = 0 for t > 1/2R 1 . As a result, we can describe the system with two variable P s and P b coupled by 2 × 2 matrix.
Physically, Eq. S32 describe the composite emitter (P s ), which is the sum of population of P e and P a , is coupled with C 2 . Importantly, the coupling is asymmetric, and P s pumps P b with rate R 2 while the reverse happens with the rate R 2 /2. Figure S2 illustrates effective emitter description based on Eq. S32. From Eq. S32, we calculated the decay rate of photonic excitation in C 2 , Effective-emitter picture. Blue sphere represents effective emitter Ps. This composite emitter is coupled to the C2 with asymmetric population transfer rate R2 and R2/2.
